HEIGHT AND ARITHMETIC INTERSECTION 
FOR A FAMILY OF SEMI-STABLE CURVES 
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Abstract. In this paper, we consider an arithmetic Hodge index theorem for a family of 
semi-stable curves, generalizing Faltings-Hriljac's arithmetic Hodge index theorem for an 
arithmetic surface. 



Introduction 

In papers || and J7|, Faltings and Hriljac independently proved the arithmetic Hodge index 
theorem on an arithmetic surface. Moriwaki [jEJ subsequently proved a higher dimensional 
case of Faltings-Hriljac's arithmetic Hodge index theorem. In this paper, we consider an 
arithmetic Hodge index theorem for a family of semi-stable curves. Namely, we prove 

Theorem A (cf. Theorem |5.2| ). Let K be a finitely generated field over Q, Xk a geo- 
metrically irreducible regular projective curve over K , and Lk a line bundle on Xk with 
deg Lk = 0. Let B = (B,H) be a polarization of K , i.e., B a normal projective arith- 
metic variety with the function field K , and H a nef C°°-hermitian Q-line bundle on B. 

Let (X — > B,L) be a model of (X K ,L K ) (please see §4 for terminology). We make the 
following assumptions on the model: 

(a) / is semi-stable; 

(b) Xq and Be are non-singular and fc '■ Xc — > Be is smooth. 

Let Jk be the Jacobian of Xk and Q~k a divisor on J-^ which is a translation of the theta 
divisor on Pic 9_1 (X^) by a theta characteristic. Then we have 

dei (ci(Z) a • ci (r(H)) d ) < -2^ (er) ([£*]), 

where [L K ] denotes the point of Jk corresponding to L K (For the definition of a height 
function ^o 7 _(e— please see §4). 

Furthermore, we assume that H is ample and C\(H) is positive. Then the equality holds 
if and only if L satisfies the following properties: 

(a) There is a Zariski open set B" of B with codim^(i? \ B") > 2 such that deg(L|c) = 
for any fibral curves C lying over B" . 

(b) The restriction of the metric of L to each fiber is flat. 
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We note that when B is the spectrum of the ring of integers, the above theorem is nothing 
but the arithmetic Hodge index theorem for a semi-stable arithmetic surface. 

Our proof uses arithmetic Riemann-Roch theorem, similar to that of Faltings on an arith- 
metic surface, although we must consider the Quillen metric. Now we outline the organization 
of this paper. In §1, we recall some properties of relative Picard functors. In §2, we recall 
some facts on determinant line bundles, especially for semi-stable curves. In §3, we deal 
with an arithmetic setting and give hermitian metrics to the results of §2. In §4, we quickly 
review (a part of) the theory of height functions over a finitely generated field over Q, due 
to Moriwaki |T3|]. Finally in §5, we prove the main theorem. 

I wish to express my sincere gratitude to Professor Moriwaki for his incessant warm en- 
couragement. Moreover, it is he who suggested that I consider this work. 



1. The Picard functor 

The purpose of this section is to review some properties of the relative Picard functor, 
which we will use later. We refer to 0, §§8-9] for details. In this section, we only deal with 
schemes which are locally noetherian. 

Let S be a locally noetherian base scheme, / : X — > S a flat, projective morphism. The 
relative Picard functor Picx/s of X over S is the fppf-sheaf associated with the functor 

Px/s '■ (locally noetherian S'-schemes) — > (Sets), T \— > Pic(X XgT). 

If we assume f*{O x ) = Os holds universally, then for all locally noetherian S-schemes 
g:T^S, 

Pic x/5 (T) = Pic(Xx 5 T)/Pic(T). 
Furthermore, if X/S admits a section e : 5* — > X, then one checks immediately, 

{group of isomorphism classes of "| 
invertible sheaves L on X x s T, \ . 
plus isomorphism (e o g, 1 T )*(L) ~ Ot \ 

Such invertible sheaves are said to be rigidified along the induced section ex = e o g. 

If S consists of a field, then Picx/s is a group scheme. Let Pic x / S be its identity component. 
For a general locally noetherian scheme S, we introduce Pic° x / S as the subfunctor of Picx/s 
which consists of all elements whose restrictions to all fibers X s , s being a point of S, belong 

to Pic Xs / fc ( s) . 

If X is a proper curve over a field k, then Pic° x / k consists of all elements of Picx/fc whose 
partial degree on each irreducible components of X <S>k k is zero, where k is an algebraic 
closure of k. 

We note that if Picx/s (resp. Pic x / S ) is representable by a locally noetherian scheme, 
then for all locally noetherian S'-schemes T, 

Picx/s *sT = PicxxsT/T (resp. Pic° x/S x S T = Pic° XxsT/T ). 

Now we introduce the notion of universal line bundles when Picx/s (resp. Pic x /s) is 
representable by a locally noetherian scheme. We assume that the structural morphism 
/ : X — > S admits a section e and that f*(Ox) = Os holds universally, so that Picx/s is 
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given by ( |1.1| ) for a locally noetherian S-scheme. If Pic x /s (resp. Pic x / S ) is representable 
by a locally noetherian scheme, then the identity on Picx/s (resp. Pic° x /s) gives rise to a 
line bundle U (resp. U°) on X x s Picx/s (resp. X x s Picw s ) which is rigidified along the 
induced section. U (resp. U°) is called the universal line bundle. The justification of the 
notion of "universal" is: 

Proposition 1.1. Let f : X — > S be a flat morphism of locally noetherian schemes and let 
e be a section of f . Assume that f*(Ox) = Os holds universally. IfPicx/s (resp. Pic° x / S ) is 
representable by a locally noetherian scheme, the universal line bundle U has the following 
property: For every locally noetherian scheme g : T — > S , and for every line bundle V on 
X' = X x s T which is rigidified along the induced section e' = e o g, there exists a unique 
morphism g : T —>■ Picx/s such that V is isomorphic to (1 x g)*(U). 

IfPic x /s i s representable by a locally noetherian scheme, the universal line bundle U° has 
a similar property for a line bundle L' on X' = X x s T which is rigidified along the induced 
section and L' t e P\c Xt , k r t \ for allt ET. 

Proof, g 8.2. Proposition 4] □ 

Now we restrict ourselves to the case of semi-stable curves. We recall that a semi-stable 
curve of genus g is a proper flat morphism / : X — > S whose fiber X-g over every geometric 
point s of S is a reduced connected curve with at most ordinary double points such that 
dim fc ( s ) H X (X?, Xr ) equals to g. 

Proposition 1.2. Let f : X —> S be a semi-stable curve of locally noetherian schemes. 
Then f*(Ox) = Os holds universally. 

Proof. We have only to prove that f*{Ox) = Os- Let it o / be the Stein factorization of 
/, where / : X — > S is a proper morphism with connected fibers and 7r : S —>■ S is a finite 
morphism. Since every fiber is geometrically reduced and geometrically connected, there is 
a section 77 : S — >• S such that / = 77 o / by rigidity lemma (|14|, Proposition 6.1]). Since 
Og ~ f*(Ox) factors through 

0~ s - tfc(Os) - fMOs) = Uo x ), 

Og — > rj^iOs) is injective. On the other hand, since r\ is a closed immersion, Og — > 77* (Os) 

is surjective, hence = rj*(O s ). Then, f*{O x ) = n*f*{Ox) = 7r*(C§) = ^*(v*(^s)) = Os- 

□ 

We finish this section by quoting a result obtained by Deligne concerning the representabil- 
ity of the relative Picard functor. 

Theorem 1.3. Let f : X — > S be a semi-stable curve of locally noetherian schemes. Then 
Picx/s is a smooth algebraic space over S. The identity component Pic^/ 5 is a semi-abelian 
scheme. 



Proof. |H, 9.4. Theorem 1] or H Proposition 4.3] 



□ 
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2. Determinant line bundles 

The purpose of this section is to review some properties of determinant line bundles. Since 
we are concerned about a family of curves in this paper, we only consider determinant line 
bundles in a restricted context. For a general treatment of determinant line bundles, we 



refer to [ p"T|j . 

Theorem 2.1. Let us consider a morphism f : X —> S of noetherian schemes with the 
following conditions: 

(i) / is proper, f*(Ox) = Os, and dim / = 1; 

(ii) There is an effective Cartier divisor D on X such that D is f -ample and flat over S . 

For every f : X — > S satisfying the above conditions, for every line bundle L on X and 
isomorphism of sheaves <fi : L L' , one can uniquely construct a line bundle det Rf*(L) 
on S and an isomorphism det : det (L) — ^> det Rf^(L') in such a way that 

det Rf#(L) becomes a functor with the following properties: 

(a) If f*(L) and R 1 f*(L) are both locally free, then 

det Rf^L) = det /*(L) ® (det R 1 ML))' 1 ; 

(b) deti?/*(L) is compatible with a base change, i.e., if g : T — > S is a morphism of 
noetherian schemes, then 

g* (det Rf*(L)) = det R(f T UL T ); 

(c) If S is connected and M is a line bundle on S , then 

det Rf* (L ® f*{M)) det Rf* (L) ® M x , 

where x = x(C s , L s ) for some s G S; 

(d) If D is an effective Cartier divisor on X which is flat over S , then 

det Rf*(L) = det Rf* (L(-D)) <g> det f*(L\ D ). 
Proof. Jill or 0, VI §6] □ 



Suppose now that / : X — > S is a semi-stable curve of noetherian schemes and assume 
that / admits a section e. Moreover, let A be a rigidified line bundle on X of degree g — 1. 
By Theorem |1.3| , Pic^/ 5 is a semi-abelian scheme and there exists a universal line bundle 



U° on X Xs Pic^y 5 . Let P a be the scheme which is the translation of Pic^ s by A, i.e., 

rigidified line bundle L on X? 

,c 



P a (T) 



such that L <g> A 1 belongs to Pic° 



Moreover, let U a be the line bundle on P a which is the translation of U° by A. If q a : 
X Xs P a — > P a is the second projection, then g a satisfies the condition of Theorem [2.1| , 
because / : X — > S 1 satisfies the condition of Theorem Thus the determinant line bundle 
det Rq1{U a ) on P a is defined. To simplify the notation, let us denote det Rq^{U a ) by T -1 . 

In the following, we will see that T _1 is related to the theta divisor. Here we further 
assume that / : X — > S is smooth of genus g > 1. First, we define the theta divisor. 
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Let (X/SY 9 ~^ be the symmetric (g — l)-fold product, i.e., 



(g — 1) times 



(I/S)(»- 1 »=Ix r ..x s I/6 rl , 

(g — 1) times 



where the (g — l)-th symmetric group & g -i acts on X Xg • • ■ X5 X naturally. Let 

(X/S)^ -> Pic^, D T - [D r ] 

be a morphism, where for any locally noetherian S'-schemes T and for any T-valued point 
D T of (X/S)^ 9 ' 1 ^ (i.e., for any effective Cartier divisors on X x s T of degree (g — 1)), we 
denote by \Dj\ the element of Pic^^ corresponding to D?. The schematic image of this 

morphism, which turns out an effective relative Cartier divisor on Pic^g, is called the theta 
divisor for X/S and denoted by Qx/s- 



Proposition 2.2. Let f : X — > S be a projective smooth morphism of noetherian schemes 
whose geometric fibers are smooth projective curves of genus g > 1. We assume the existence 
of a section. Let Pkr^ be a Picard scheme of degree (g — 1) and U a universal line bundle 

on X x s Pic^^. Then 

det Rq*(U) = O picB -i(-e x/s ), 

where Qx/s the theta divisor for X/S and q : X x s Pic^ s — > Pic^^ is the second 
projection. 

Proof. When the base scheme is a point, or an arithmetic surface, this is well-known (cf. 
0, §5] or [|T0| , VI Lemma 2.4]). The proof for a general base scheme is similar to that for a 
point, as we will see in the following. 

Let p : X Xs Pic^^ — > Pic^g be the first projection. Let D' be an effective relative 
Cartier divisor of sufficiently large degree on X (actually degD' > g is enough) and put 
D =p*(D'). Since 

H°(X s ,U(-D) t ) = 

for all points t of Pic^^ and the point s of S lying below t, q*(U (-D)) = by || Corollorary 
II. 12. 9], and R 1 q*(U(— D)) is locally free. Thus, by (a) and (d) of Theorem |2.1| , 

detii^C/) = detq*{U\ D )®(R 1 q*{U{-D)))~ 1 . 
Since q*(U) is torsion-free and H°(X s ,U t ) = for a general point t of P, it follows that 



q*(U) = 0. Also, since D — > Pic^y s is finite, R 1 q if {U\o) = 0. Thus we get the exact 
sequence: 

-> q,{U\ D ) -> R 1 q*(U(—D)) -> ^(C/) -> 0. 

We denote the homomorphism g*(C/|o) — > R}q*{U(—D)) by a. Since R 2 q*{U) = 0, we get 
by @, Theorem 11.12.11] 

R l q*(U)®k(t)^H\X s ,U t ) 
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for all points t of Pic^i. and the point s of S lying below t. If R l q if {U) £g> k(t) = 0, then 
R 1( 1*(U) is also zero for some neighborhood of t, and especially R 1 q if {U) is flat for some 
neighborhood of t. Thus 

a(t) is an isomorphism R 1 q*(U) <g> k(t) = 

&H\X s ,U t )=Q 

t £ G X /s- 

Therefore if we put E = {t G Pic^^ | (det a)(t) = 0}, then E = aO x /s fc> r some positive 
integer a. By considering the case that the base scheme is a point, we get a — 1. □ 

Now we put everything together and get: 

Theorem 2.3. Let f : X ^ S be a semi-stable curve of genus g > 1 of noetherian schemes 
and assume that f admits a section e. Let A be a rigidified line bundle of degree (g — 1) 
and (P a ,U a ) the translation of (Pic x , s ,U°) by A. We put T' 1 = det Rq®(U a ), where q a : 
X x s P a — > P a is the second projection. Then, 

(i) If T ^ S be a morphism of noetherian schemes such that fx : X x s T — > T zs smooth, 
then 

= ®P%(.~ ©x t /t) 

where Qx t /t ^ the theta divisor for X T /T. 

(ii) If L is a rigidified line bundle on X which belongs to P a (S), then there is a canonical 
morphism g a : 5 — > P a snc/i i/ia£ £/ie induced morphism 

u L :detRUL)^(g a y(T- 1 ) 

is canonically isomorphic. 

Proof. Noting that determinant line bundles are compatible with a base change, we have 
already seen (i). Regarding as (ii), by the universal property of U a , there exists a canonical 
morphism g a : S — > P a such that 

L = (1 x g a )*(U a ). 

On the other hand, since determinant line bundles are compatible with a base change, we 
have canonically 

(g a Y (det Rq:{U a )) - detP/*((l x g a )\U a )). 
Combining above two isomorphisms, we get the desired isomorphism. □ 

3. Arithmetic Setting 

In this section, we consider an arithmetic setting. An arithmetic variety is an integral 
scheme which is flat and quasi-projective over Spec(Z). 

Let / : X — > B be a semi-stable curve of genus g > 1 of arithmetic varieties and assume 
that / admits a section e. We also assume that fc : X c — > P c is a smooth morphism. Let 
A be a rigidified line bundle of degree (<? — 1) and (P a , U a ) the translation of (Pic^/ 5 , U°) 
by A. We put T" 1 = detP<^([/ a ) on P a , where q a : X x P a — > P a is the second projection. 
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Then by Theorem |2.3| (ii), for a rigidified line bundle L which belongs to Pic^ s , we have a 
natural isomorphism 

u L :detRML®A)^(g a )*(T- 1 ), 

where g a : S — > P a is an induced morphism by L ® A. 

In this section we give metrization on the above line bundles, and consider the norm 
of ul- Let Qxc/Bc be the theta divisor for Xc/Bc, which is a relative Cartier divisor on 
P£ = Pfc£* Then by Theorem |J(i), T c l = Pic9 i (~e Xc/Bc ). 

1 X C' B C 

In the following, we introduce a metric on Pic g-i (— Qx c /b c )- Put J = Pi c x c /B c anc ^ ^ 

x c/ s c 

A : Pic£ /Bc - J [D T ] ^ (g - l)[e T ] 

be an isomorphism, where for any B^-scheme T, [ey] is the class of the induced section by 
e. Let ©x c /,b c be tne image of ®x c /b c by A. 

We need some definitions to proceed. The Siegel upper-half space of degree g, denoted by 
Tig, is defined by 

H g = {Cl = X + y/^TY G GL g (C) | *fi = ci, Y > 0}. 
Moreover, the symplectic group of degree 2g, denoted by Sp g (Z), is defined by 

Spg{Z) = {S e GL 2g (Z) | l SJS = J}, 

where J = y ^ . An element S = of 5p g (Z) acts on 7^ 9 by 

5-0= {AQ + B){CQ + D)- 1 

and Sp g (Z)\H g becomes a coarse moduli of principally polarized abelian varieties. 
For z = x + y/^ly G C 9 and Cl = X + y/^lY G H g , we define 

9(z, Cl) = exp(7rv / ^T t mClm + 2ix\f^\ t m- z), 

\\9\\(z,Cl) = vMet Y expi-^yYy^Oiz, Cl) \ . 

Then 6 becomes a holomorphic function on C 9 x TC g . Moreover ||#|| becomes a C°°-function 
which is periodic with respect to Z 9 + ClZ 9 , so that ||#|| is seen as a C°°-function on C 9 /Z 9 + 
ClZ 9 . 

Going back to our situations, for any b G B(C), let us write analytically 

J b S C 9 /Z 9 + fi b Z 9 



where G 7i 9 . Then there is a unique element t b G C 9 /Z 9 + fiZ 9 such that G 
div (0(2 + tfe, where #(2: + t b , f^) is seen as a function of 2. 

Proposition 3.1. Let the notation be as above. Let 1 denote the section of Oj(Q Xc ^ Bc ) 
which corresponds to @x c /Sc' ^ or an ^ P ^ ^> ^b G 5(C) be the point lying below p and 
write J b = C 9 /Z 9 + Cl b Z 9 and Q° Xb = div (6(z + t b , Cl b )) with t b G C 9 /Z 9 + ClZ 9 . Moreover, 
let z G C 9 /Z 9 + ClZ 9 correspond to p. Then, if we define 

l|l||e° m (p) = \\9\\(z + t b ,Cl b ), 

X c /B c 



cS 
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then || ■ 1 1 e o, /s gives a C°° metric on Cj(©x c /b c ) 

Proof. If the base space B(C) is a point, the assertion is well-known (cf. j|, §3]). Thus 
all we need to prove is that ||l||e°. ^ varies smoothly as b G B(C) varies. However, since 
the morphism 

$ : B(C) -> Sp g (Z)\Hg, b h-> the class of J b 

is holomorphic and t b is given the difference of the section ec and a theta characteristic, 

II 111 00 varies smoothly as b G B(C) varies. □ 

X c/ B c 

Finally, O pic g-i (Qx c /b c ) is metrized by (Oj(e° Xc/Bc ), \\ ■ H©^ ) through A. We write 
this metric by || • \\q v /D • 

Next we give a C°° metric on Lq over X<c. Actually, there is a certain class of C°° metrics 
on Lc which is suitable for our purpose. We introduce this class in the following. 

First we recall admissible metrics of line bundles on a compact Riemann surface. Let M 
be a compact Riemann surface of genus g > 1 and {ui,U2, ■ • • ,uj 9 } a basis of H°(M, 
with 



UJi A U!j = Sij . 



M 



Let us put 



— 2_^Ui A 



2g ^ 

y i=i 

Then jj, is a positive (1, l)-form on M, and is called the canonical volume form on M. A 
C°°-metric Hl of a line bundle L on M is said to be admissible if 

ci ((L,h L )) = (degL)/i. 

For every line bundle on M, we can endow an admissible metric unique up to a constant 
multiplication. 

Now let us go back to our situation, i.e., the case that / : Xq — > Bq is a smooth family 
of curves of genus g > 1. A C°°-metric Hl on Lc over Xq is said to be admissible if for any 
b G -B(C), its restriction (L b , on X fe is admissible. The existence of an admissible metric 
is given by: 

Proposition 3.2. Let X and B be smooth varieties over C and f : X — > B a smooth 
projective morphism with a section whose fibers are curves of genus g > 1. Let L be a line 
bundle on X. Then there exists a (global) admissible metric on L over X . 

Proof. First we construct a suitable (1, l)-form on X. Let 

j:X^J = Pi4 /B 

is the embedding induced by the section. On J, we have a C°°-hermitian line bundle 
II ' II©x/b) ky Proposition |3.1|. We consider 



" = V (ci (^(e^), ii • ii 0i/B 
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Then, for any b E B, u b = uj\ Xb is the canonical volume form on X b (cf. j|, Thoerem 1]). 

Next we note that the statement of the proposition is local with respect to B. Indeed, let 
{Ui}°Z Q be an open covering of B and assume that for each i there is an admissible metric 
on L\f-inji) over f l {Ui). Take a partition of unity {p^ subordinate to {Ui}. Then it is 
easy to see that 

oo 

is an admissible metric on X. 

For b G B, we consider a small ball U C B containing b. We set Xjj = / -1 (i7). Then 
there is a diffeomorphism g : Xjj — ^ X b x U over {7 (|| Theorem 2.4]). 

Let Hl be any C°°-hermitian metric on L over Xjj and set 77 = Ci(L, hi). Then 77 is a en- 
closed (1, l)-form. We claim that (deg(L)cj — i]) \ Xu is d-exact. Indeed, (deg(L)cj — 77) |x 6 = 
in H 2 {X b ,C)- On the other hand, H 2 {X U: C) = H 2 {X b ,C) by Poincare's lemma. Thus 
(deg(L)u; — 77) \x u is a d-exact (1, l)-form. Then by the dd c -lemma, there is a C°° function 
■0 on X[/ with dd c (ip) = (deg(L)u; — 77) Now if we set h' L U = exp(— ^h^lxu on L\ Xu 
over Xu, then 

dd c (d(L\ Xu , h' L U )) = deg(L)u\ Xu , 

which is an admissible metric on L\ Xu over Xu. □ 

Now we prove the main proposition of this section, which will be a key point to prove 
Proposition |5TT| . 

Proposition 3.3. Let f : X — > B be a semi-stable curve of genus g > 1 of arithmetic 
varieties and assume that f admits a section e. We also assume that fc '■ X<c — > Be is a 
smooth morphism. Let 

u L :detRf*(L®A)^(g a )*(T- 1 ), 

be the isomorphism given at the beginning of this section. We endow C°° metrics on A and 
^x/b, on admissible metric on L, and then the Quillen metric on det i?/*(L® A) determined 
by these metrics. Moreover, we endow a metric II • II on T _1 . Then the norm of ul is 

X c/ B c 

independent of L. 

Proof. Let b G B(C). Since determinant line bundles are compatible with a base change 
and since the Quillen metric is given fiberwise, we get 

u L : &etRf b *(L b <g> A b ) -> O v - g -i{-Q Xb )\\L b ®A b ], 

x b 

where [L b (g) A b ] is the point corresponding to L b ® A b on Pic^" 1 . Then by the following 
lemma, we obtain Proposition [3.3| . □ 

Lemma 3.4. Let M be a compact Riemann surface of genus g > 1, L a line bundle of degree 
on M . We endow a C°° -metric Ha on A, a C°° -metric h n i f on and an admissible 
metric Hl on L. Then we have a canonical isomorphism 

u L : det T(L® A) -> O p . lcB -i(-Q M )\{L®A], 
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where detr(L £g> A) is the determinant line bundle of L <g> A. We endow the Quillen metric 
on det r(L ® A) and \\ ■ ||q m on O pic g-i(— ©m)- T/ien £/ie norm of ul is independent of L. 

Proof. Let h! A and h' Ql be admissible metrics on A and fi]^ respectively. We write the 
Quillen metric defined by (L®A, h L ®h A ) and {Q l Ml h^i ) as We also write the Quillen 

metrics defined by (L ® A,h L ® h' A ) and (fi^, fo^i ) as /ig 8 ^ . We decompose ul into 

(det T(L®A), fr^ 3 ) (det r(L(g> A), hj® 3 ') 

(detr(L®A),/i^ A ) ^o PicSM i(e M )| [L0A] , 

where /i^,®" 4 is the Faltings' metric on L ® A. By the definition of the Quillen metrics, the 
norm of a is independent of L, because we only change the metric of A. The norm of (3 
is the difference of the Quillen metric and the Faltings' metric for admissible line bundles, 
which is a constant depending only on M (cf. jl^, 4.5]). Moreover, the norm of 7 is also 
independent of L, which is actually given by exp (5(M)/8) with the Faltings' delta function 
5(M) (Or rather, this is the definition of S(M)) . Therefore the norm of ul is independent 
ofL. □ 



4. Arithmetic height functions over function fields 



A. Moriwaki |13| has recently constructed a theory of arithmetic height functions over 
function fields, with which he recovered the original Raynaud theorem (i.e., over a finitely 
generated field over Q). In this section, we see a part of his theory. 

Let K be a finitely generated field over Q with tr. deg Jsr (Q) = d. Let B be a normal 
projective arithmetic variety with the function field K. Let if be a ne/C°°-hermitian Q-line 
bundle on B, i.e., deg(H\ c ) > for any curve C and C\{H) is semi-positive on B(C). A pair 
B = (B, H) with the above properties is called a polarization of K. Moreover, we say that 
a polarization B is big if rk H°(B, H® m ) grows the order of m d and that there is a non-zero 
section s of H°(B,H® n ) with ||s|| sup < 1 for some positive integer n. 

Let Xk be a projective variety over K and Lk a line bundle on Xk- By a model of 

(Xk, Lk) over B, we mean a pair (X B, L) where / : X -> B is a projective morphism 
of arithmetic varieties and L = (L, hi) is a C°°-hermitian Q-line bundle on X such that, on 
the generic fiber, X and L coincide with Xk and Lk respectively. 

By abbreviation, a model (X — — > is sometimes written as (X,L). We note that 

although we use the notation X^ and L^, a model of (X^-, is not a priori determined. 
For P E X(K), we denote by Ap the Zariski closure of the Image (Spec(X) — > X#) in X. 

Then we define the height of P with respect to (X — — » £?, L) to be 

If we change models of (X^, Lk), then height functions differ by only bounded functions on 
Xk{K). Namely, if (X, L) and (X', L') are two models of (Xk, L^), then there is a constant 
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C > with 

(4.1) (P)-/,"_ (P) 



< C 



for all P G X^(i^) (|13|, Corollary 3.3.5]). Thus the height associated with Lk and B is 
well-defined up to bounded functions on X K (K). We denote hf jR the class of h? x j-. modulo 
bounded functions. _ 

Now let Lj< be a line bundle on = X ® K K. We would like to define hf_ : X^ 
For this, we need the following lemma. 



Proposition 4.1. Let K' be a finite extension field of K, and let g : B' — > B be a morphism 
of projective normal arithmetic varieties such that the function field of B' is K' . Let X' be 
the main component of X x B B' and 

X' X 



r 



f 



B' B 

the induced morphism. Then h^x'g*rE) = [K 1 : K] h^'^. 

Proof. (13], Proposition 3.3.1] □ 

Let Lj( be a line bundle on X-^. We take a finite extension field K' of K such that L-^ 
is defined over X^i. Take a projective normal arithmetic variety B' such that there is a 
morphism g : B' —>■ B and that the function field of B' is K' . Let X' be the main component 
of X x b B' . We take a blow-up X' — > X' if necessary so that L-^ extends to a line bundle 
U on X'. 

Then we define 

hP = 1 h iE L'C {1I)) 
L * \K< : K\ I.* j/) 

By ( fLl|) and Proposition f[A\ it is easy to see that h^_ is well-defined up to bounded functions 
on X-ft(K). Moreover, if L-^ is defined over Xk, then /i£_ is equal to h? 



The next theorem shows some fundamental properties of hf_. 



K 

B 



Theorem 4.2. (i) (positiveness) If we denote Supp (Coker(if°(X^, Lj^) <g> — > Lj^j 
by Bs(Lj^), then hf_ is bounded below on (X^\ Bs(L^)). 
(ii) (Northcott) Assume H is big and that Lj^ is ample. Then for any e > 1 and M > 0, 



{P E X W (K) | hl_{P) < M, [K{P) :K]<e} 

is a finite set. 

Proof, c.f. [O, Proposition 3.3.6 and Theorem 4.3] □ 
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If X-^ is an abelian variety, we can choose the good representative of a class hf_. For a 
line bundle L-^ on X w and a point P e X-^(K), define q%_(P, P) and Zf_(P) to be 

4(P,P)=limi/4(2»P) 

Then of is a bilinear form, while If is a linear form. We define hf by 

and call it the canonical height of L-^ with respect to a polarization 5. 

Proposition 4.3. Lei 6e an abelian variety. 

(i) If L~x is ample and symmetric, then hf^_ > 0. 

(ii) If L~x and M-^ are two line bundles on X-g, then 



(iii) If P is a torsion point, then hf_(P) = 0. If we assume H is big, then hf_(P) = if 



"?_(P) = 0. If we assume H is big, then hf_ 
and only if P is a torsion point. 



Proof. The first assertion follows from Theorem |4.2| (i). The second assertion can be 
readily checked. The third assertion is an easy consequence of Theorem |4.2| (ii). We note 
that in (i) we need the symmetricity of a line bundle. □ 

We need the next lemma to prove Proposition . 

Lemma 4.4. Let is an ample symmetric line bundle on an abelian variety X^, P an 
element of X-^{K). Let t be an element of X-^(K) and T t : X-^ — > X-^ the translation by t. 
Then there is a constant C such that 



h^ {Lw) {nP)-r?hl_{P) =Cn 

for any positive integers n. 

Proof. Let T_ t : X T -> X T be the translation by -t. We write T t *(L w )^ 2 as 

Since T f *(L^) (g) T* t (Lj^) = by the theorem of square, we obtain 

T?(L T r = (Lf) ® (T/fe) ® (^(L^))- 1 ) . 

Thus we get 4/i^ L _j = 4/if_ + h^^ L _^ T , Since is symmetric and T t *(L^) <g> 

(TI t (L-^)) _1 is anti-symmetric, is quadric, while hT*(L—)®(T* (l—))- 1 1S nnear - Thus if 



we set C 



^(L^)®(T* t (L^))-i( P ) 



then we obtain the lemma. □ 
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5. Height and intersection 

By a big Zariski open set of a noetherian scheme B, we mean a Zariski open set B' of B 
with codim s (£ \ B') > 2. 

We first prove the following proposition, which is a special case of the main theorem 
(Theorem |5.2| ). 

Proposition 5.1. Let K be a finitely generated field overQ, X^ a geometrically irreducible 
regular projective curve over K, and L^ a line bundle on Xk with degLx = 0. Let B = 

(B,H) be a polarization of K , and (X — > B,L) a model of [Xk-,Lk]- We make the 
following assumptions on the model: 

(a) B is regular; 

(b) / is semi-stable with a section e; 

(c) Xc and Be are non-singular and fc '■ Xc — > Be is smooth. 

Let Jk be the Jacobian of Xx and a divisor on J-^ which is a translation of the theta 
divisor on Pic 9_1 (X^) by a theta characteristic. If there is a big Zariski open set B' C B 
such that deg(L|c) = for any fibral curve C lying over B' and if the metric of L is flat 
along fibers, then 

(5.1) dei (ex© 2 • c 1 (r(H)) d ) = -2^_ ( e^([^]), 

where [Lk] denotes the point of Jk corresponding to Lk- 

Proof. We note that since degL = 0, the admissibility of L means that the metric of 
L is flat along fibers. Since deg(L^) = 0, if we change L to L ® f*(M) with M being a 
line bundle on B, then the right hand of ( |5.1| ) does not change. Thus we may assume that 
L is rigidified along the section e. Let us set A = Ox((g — Then A is a rigidified 

line bundle of degree (g - 1) on X. Let (P a ,U a ) be the translation of (Pic x/B ,U°) by A, 
where U° is the universal line bundle on!x B Pic^ B . We put T _1 = det Rq®(U a ), where 
q a : X x b P a — > P a is the second projection. 

We give an admissible metric Ha on A and an admissible metric h LUx/B on ujx/b and then 

give det Rf* (L® n ®A) the Quillen metric h L Q ® A with respect to L ®A=(L® n ®A,h n L -h A ) 
and ojx/b = h 0Jx/B ). Moreover we endow || • \\q x on T _1 (cf. Proposition p.l| ). 

Let us put X' = f- l (B'), f = f\ x ,, V = L\ x > andA'^ A\ x >. Moreover Let (P a ' } U a '), 
(Pic x , /B ,,U '), q al and T~ v = det Rq%(U a ') be the restriction of (P a , U a ), {Pic° x/B , U°), q a 
and T _1 = det Rq^{U a ) over B', respectively. 

Now we consider L" g>n ® A' for a positive integer n. Since deg(L'|c<) = for any fibral 
curve lying over B', V belongs to Pic^,/ B ,. Thus by Theorem |2^(ii), there is a canonical 
morphism g' n : B' — > P al such that 

u' n : det Rfl(L'® n ® A') ^g'^T- 1 ') 

is canonically isomorphic over B' . Since both sides are metrized, we can consider the norm 
a n of u' n . Then 

< : (det Rfi(L'*» ® A'),h^) g' n * (r- 1 ', || • H^J 6> O b , {a' 1 ) 
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is an isometry. Moreover, by Proposition |3.3| , the function a n : -Bc(C) — > M. >0 is independent 
of n. 

Next we consider a compactification of P a . Since there is a relatively ample line bundle 
on P a , we first embed P a into a large projective space Ppf and then take its closure. If T _1 
does not extend to a line bundle on this closure, then we make blow-ups along the boundary. 
Then we get a projective arithmetic variety P a with n : P a — > B and a line bundle T _1 on 
P a with T -1 | po = T -1 . We note that since / c is smooth, P£ = P<£ 

Let A n be the Zariski closure of the Image(g^ : B' — > P a/ ) in P a . Now we claim the 
following equation; 

(5.2) dei (c! (det P/*(L^ <g> A), h^^j ■ 

= dei(c 1 (Op»(T- 1 ),||-|| e i )| An .^(P))^)-- / (loga n )A Cl (tf) d . 

v v c/ c/ / z Jb c (c) 

Actually, since I? is regular and 5' is big, a line bundle on B' extends uniquely to a line 
bundle on B. The line bundle det Rfl{L'® n ® A') on 5' extends to det Rf*{L® n <g> A) and 
the line bundle g f n *(T~ lr ) on P' extends to a line bundle on P, which we denote by M n . Let 
us set M n = (M n ,g'*(\\ ■ Hq 1 )). Since 7r|A n : A n — > P is an isomorphism over P' and 

codimp(P \ B') > 2, M n is actually equal to (v|A n )*(Cp a CZI -1 ); II • He B )• Then since the 
infinite part is not altered at all, we get the isometry 

u n : (det Rf*(L® n ® A), /ij 9 "®*) ^W n ®0 B (a' 1 ) . 
Then by intersecting ci(H) d and taking degrees on both sides, we get 

dei (ci (det P/*(L^ n ® A), fc^®*) ■ ci(P) d ) 

= dei (c!(l4) • - I I (logt^) A Cl (P) d 

= dei fe (^(T- 1 ), || ■ ||ei ,„) | An • c 1 (7r*(P)) d | A n) ~ \ I (logo*) A Cl (P) d , 

\ \ c/ c/ / Z JB C (C) 

where we use the projection formula in the second equality. 

First we compute the left hand side of Q5.2| ). By the arithmetic Riemann-Roch theorem 
established by Gillet and Soule [|5|, we have 

c 1 (det Rf,{L^® A), ® A J 

= l -U (ci(I 8n ® A) 2 - c x (I® n <S> 3) ■ ^(575^)) + ?! (det P/*(0 X ), ^) 

= l/,(c 1 (L) 2 ) n 2 + 0(n). 
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Thus, we obtain 



(5.3) deg (ci (det Rf* (L ® A),h L Q 

1 

~ 2 



deg (/^(Z) 2 )-^^) n 2 + 0(n) 



-deg (ci(L) 2 • c 1 (f*(H)) d ) n 2 + 0( 



Next we compute the right hand side of ( |5.2| ). Let A a : Pic X i B — > P a be the isomorphism 
which is given by the translation by A. By way of this identification, let P° be the compact- 
ification of Pic° x / B which corresponds to P_ a . Similarly, we define (T ) -1 , A° and n° which 
correspond to T _1 , A n and n respectively. We note that a metric on (T ) -1 induced from 
A a is nothing but || • by Proposition |3.1| . Then we have T° K = Oj K (Q' K ), where 



ie° 

x c/ B C 



Q' K = Qk + [a theta characteristic] — (g — l)[ejf]. 



Since ^tt° :P°^B, ( (T )" 1 , \\ ■ 
that there is a constant C such that 

dei^^p^r- 1 ),!! 

= deg (ci ( P o((T_ )~ l ) 



-1 

X c/ B c 



is a model of (J K ,Oj K (-Q' K )), ( |0| ) shows 



i-i 



a„ •c 1 (7r*(iJ)) d | A „ ( _ G ')([ir]) 



e° 

X c/ B c 



\ An -M^mriAn) - h B 0jK ^ &K) {[LT\) 



< c 



Then using Lemma 4.4, we get 



(5.4) deg c x (Op«{T 



le 



-i 

X c/ B c 



I A„ •C 1 (7T*(iJ))' i | An 



n a *o^<e,)([£*]) =0(n) 



Taking into consideration ( |5.3|) and fl5T4|) and the fact that a n is independent of n, if we 
divide (|5.2| ) by n 2 and let n goes to oo, we get ( |5.1|) . □ 

Now we prove the main theorem of this paper. 

Theorem 5.2. Let K be a finitely generated field over Q, Xk a geometrically irreducible 
regular projective curve over K, and Lk a line bundle on Xk with deg Lk = 0. Let B = 

(B,H) be a polarization of K, and (X — — > B,L) a model of (Xk,Lk)- We make the 
following assumptions on the model: 

(a) / is semi-stable; 

(b) Xq and Be are non-singular and fc '■ Xc — > Be is smooth. 
Then we have 

dei (ck(Z) 2 • ci (f*(H)) d ) < -2h%^([L K ]), 

where [L K ] denotes the point of Jk corresponding to L K . 

Furthermore, we assume that H is ample and C\(H) is positive. Then the equality holds 
if and only if L satisfies the following properties: 

(a) There is a big Zariski open set B" of B such that deg(L|c) = for any fibral curves C 
lying over B" . 
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(b) The metric of L is flat along fibers. 

The next corollary is an immediate consequence of the main theorem and Proposition |4.3| (iii) . 

Corollary 5.3. Let the notation and the assumption be as in Theorem \5.3( . We assume that 
H is big, H is ample and C\(H) is positive. Then 

d^g(c 1 (L) 2 .c 1 (r(H)) d )=0 

if and only if the following properties hold: 

(a) There is a big Zariski open set B" of B such that deg(L|c) = for any fibral curves C 
lying over B" ; 

(b) The restriction of the metric of L to each fiber is flat; 

(c) There is a positive integer m with LfJ™ = Ox K - 

We need three lemmas to prove the theorem. 

Lemma 5.4. Let K be a finite extension field of K , and let g : B — > B be a morphism of 
projective normal arithmetic varieties such that the function field of B is K . Let X = XxbB 
and 

X -*-> X 



f 



f 

D -*-> B 



the induced morphism. Then 

dei (Wl) 2 " C! (j*g*{H)f\ = [K:K]teg (ci(Z) a • c 1 (r(H)) d ) . 

Proof. It is an easy consequence of the projection formula. □ 

Lemma 5.5. Let L = (L,Jil) be a C°° -hermitian line bundle on X and L' = (L,h' L ) be a 
hermitian line bundle whose metric is flat along fibers. Then 

dei (^(I) 2 • ci (r(H)) d ) < dei (c x {tf ■ c x (f*(H)) d ) 

If ci(iif) is positive over a dense open subset of B(C), then the equality holds if and only if 
the metric of L is flat along fibers. 

Proof. Let us write Hl> = uhi- Then u is a positive smooth function on Xc(C). Since 

c 1 (L)=c 1 (L') + (0,logu), 

we have 

C!(L) 2 = c 1 (L') 2 + (0, 2 Cl (L) logu) + (0, (\ogu)dd c (\oguj) . 

Thus 

dei (c^I) 2 • ci (r(H)) d ) = dei (c^tf • c, (r(H)) d ) 

- / (\ogu) Cl (L) A c x (f*(H)) d + \! {\ogu)dd c {\ogu) A c x (f*(H)) d . 

JX C (C) 1 JX C (C) 
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Now the assertion follows from the following two claims. 
Claim 5.5.1. /^(log^c^l') A Cl (/*(#))" = 
Proof. For 6 G B C (C), Ci(l')| 6 = 0. Then 

f (log M )c 1 (I , ) A d (/*(#))" = f ( [ (\ogu) Cl (L)) Cl (H) d = 0. 

JX C (C) ^Bc(C) \Jf c :X c ^B c J 

□ 

Claim 5.5.2. f Xc ^(\ogu)dd c (\ogu) A c 1 [f*(H)Y < 0. Moreover, if c±(H) is positive over 
a dense open set of B(C), then the equality holds if and only if u — f*(v) with some C°° 
function v on Bq(C). 

Proof. We have 

(logw)<icf (logw) = ^ - (log u) dd (log u) 

= -^—d (\ogu ■ d(\ogu)) — ^-^ d(\ogu) A d(\ogu). 

2,71 Z7T 

Since c\ (f*(H)) d is a closed (d, d)-form, by Stokes' lemma, we get 

/ (iog M )^ c (iog M )A Cl (r(F))" 

JX C (C) 



= -7T [ (>/=T9(log«) A d(\ogu)) A Cl (/*(#))" . 



'X C (C) 

By the definition of the polarization of B = (B,H), C\{H) is semipositive. Moreover, 
9(log u) A <9(log u) is semipositive. Thus we get the first assertion. 

Suppose now c±(H) is positive over a dense open set of B(C). We have 

/ (>/=T9(log«) A9(log«)) A Cl (/*(#))" 

Jx c (c) 



/ ( / v /Z T9(log M ) A d(logu) J ci (#) d . 

ific(C) \Jf::.\: •/>'. J 



If this value is zero, then, for any 6 G -Be v^— T9(log u) A 9(logw)|x 6 = 0. Then u\x b is a 
constant function on X b (C). This shows the second assertion. □ 

Lemma 5.6. We assume that B is regular. Let A be the set of critical values of f, i.e., 
A = {b G B | / is not smooth overb}. Let A = |j[ =1 A, be the irreducible decomposition 
of A such that A 1; . . . , A^ are divisors on B while codims(Aj) > 2 for % > I\ + 1. Let us 
set Ti = f^ 1 (Ai) for % — 1, . . . , I\ and write = Uj=i as ^ s irreducible decomposition. 
Note that are all divisors on X for 1 < i < h,l < j < Ji- Then there are a big Zariski 
open set B' of B, integers (1 < i < I\, 1 < j < Ji) and a positive integer m such that 
L® m ® O x (- eiFij)\ B > belongs to Pic}_i (B , )/B ,. 
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Proof. If I\ = 0, then we have nothing to prove. Thus, we assume I\ > 1. To ease 
the notation, we first assume the irreducibility of A. Since fc is smooth, A is defined 
over the finite field ¥ p for some prime number p. Let k(A) be the rational function of A 
and write 77 = Spec(fc(A)). Moreover, let fc(A) be an algebraic closure of fc(A) and write 
fj = Spec(fc(A)). 

Let Xjf = Ui<j<j Ui< a < a (j) C? be the irreducible decomposition of Xjj such that and 
Cj are Gal(/c(A)//c(A))-conjugate to each other for 1 < a, (3 < a(j). We denote by Tj the 
Zariski closure of Cj* in X for some (hence all) a. 

We put c" = deg(L r) | c -a). Since L is defined over X, c" = for 1 < a, /3 < 
Moreover, since the degree of L is zero, Ylii<j<ji< a <a{j) c j = 0- 

We put $ = dim fc(A) (q* n Cf ) for (j, a) >' (*,">), and gg» = - £ (fcj/ ^ (i , a) gjf ■ Then 
by Zariski's lemma ([I], I, Lemma (2.10)]), there are rational numbers (1 < j < J, 1 < 
a < a 0')) sucn that a j = a j an d that '^2ja a 'jl'jk = cf for 1 < A; < J and 1 < /3 < a(/c). 
Moreover, Ylj,k,a,p a j a fc9j* = if and only if a" = af for any (j, a) and (k,(3). 

Let F be the subset of |A| consisting of F p -valued points b such that: 

(a) The irreducible decomposition of X b is of form X b = Ui<j<j ^i< a <a(j) C(b)j such that 
Tj DX b = Ui< Q < a (j)C(6)°; 

(b) deg(L\ c{b)? ) = c«; 

(c) • C{bf k = J2l<a<a(j) %t 

Then there is a divisor Z on A such that F C \Z\. We set = B — \Z\. 

Now we set ej = ma" (1 < j < J) for sufficiently divisible m and L' = L® m ® 

=i e i-^i)- We c l ami that L'|_b/ belongs to Pic^-i^,^,. Indeed, if b ^ A, then 
X 6 is a smooth connected curve and deg(L'|xJ = 0. Thus L'\ Xb belongs to Pic Xb . Next, if 
b & A\\Z\, then X b = \Jj 7(X C(b)J is the irreducible decomposition of X b and 

de s( L '\c(bf k ) = m c f - ^ a fc = 

\ l<i<J,l<a<a(i) / 

for any j and j3. Thus also in this case, L'\ Xb belongs to Pic^- Therefore L'\ B i belongs to 
riCj- 

We have just shown the lemma when A is irreducible. Now we consider a general case, 
i.e., A = Ufii Aj. For each Aj (1 < i < Ji), take a divisor Z* of Aj and Si< iie < r j 1) i< J -<./ j e ij r u 
in the same way as above. If we set 

B' — B — I \ZAU---U 



z /l |u(U|A i |n|A i |)j 



then B' is a big open set, and it is easy to see that L® m <g> Ox{— e tj^ij)\B' belongs to 

PiCy-l □ 



Proof of Theorem \5.Q First we prove the first assertion of the theorem. In virtue of 



Lemma |5.4j, by taking a suitable generically finite cover of B, we may assume that / : X — > B 
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has a section. Moreover, by || Theorem 8.2], there is a surjective generically finite morphism 
B — > B of arithmetic varieties such that B is regular. Thus, by Lemma |5.4| , we may also 
assume that B is regular. 

We follow the notation of lemma [5l| and let L® m ® O x {— e ij^ij) be a line bundle on 
B whose restriction to a big open set B' of B belongs to ¥iCf-x, B ,\i B ,. For simplicity, we set 
E " J2ij e ij T ij- Then 



deg \{c l {L^®O x {E))-c 1 {O x {E))) -c, (f (if))' 
feg (c 1 (L^(E)O x (E)) 2 -c 1 (r(H))' 



2deg [c x {L®™ <g> • ci(O x (^)) " ci (/*(#)) + deg ^(O^E)) 2 • c x (f*(H)) 



Since deg(L® m (g) O x (E)\c) — for any vertical curve C lying over B', the second term in 
the last expression becomes zero. Moreover, for the third term in the last expression, we 
have 

h 



deg (c 1 (O x (E)f-c 1 (/* (#)")) = X>S"( A * 

i=i 



^<j,k<Ji 



where = dim^Aj) (Fj^Ai) H r fcjfe (A,)). From the proof of lemma pTB| this value is non- 
positive. Moreover the equality holds if and only if en — ■ ■ ■ — eu i for 1 < i < I±. To sum 
up, we get 

dei (c!(I^) 2 - ex (f*(H) d )) < dei ( (c^L^ O x (E))) 2 ■c 1 {f*(H) d )) ■ 



-FTn\ rf 



Next let /i' L be an admissible line bundle on L. Then by Lemma |5.5| and Proposition [5[I 

dei ^(^(L^O^p))) 2 ■ ci (/*(F)) 

< dei ^(c"i(L® m ® O x {E), h' L m )Y ■ c"x (/*(#)) ^ 

= -2m 2 4 /A _ (eA , ) ([L / ,]). 

Thus we get the first assertion of Theorem |5.2j . 

Now assuming that if is ample and Ci(H) is positive, we consider when the equality holds. 

Let g : B — ► i? be a surjective generically finite morphism of arithmetic varieties such that 
.B is regular and f : X —> B has a section, where X = X x B B and 



A' 



B 



is the induced morphism. Let us set L = g*(L) and H = g*{H). 
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Now let us assume the condition (a) and (b) in the second assertion of the theorem. By 
Lemma |5.6| there are a big open set B' of B, a positive integer m and a vertical divisor V of 
X such that g o f(T) C B \ B" and that L® m <g> (V) belongs to Pic~ /g |g; . 

Claim 5.6.1. If K denotes the function field of B, then 

dig ^Ci(L) 2 • Ci (r(I))^ = -2[£ : ff] ^^(M). 

Proof. By Proposition |5T^, we get 

dig ^ ® e^(iV) 2 • c 1 (r(I)) d j = -2m 2 ^* ( ( e 77 J([L x ]) 

= -2m 2 [^:K]^ (eir) ([L K ]) 

On the other hand, since 

ci flf ™ <g> 0^ (r)) = m 2 C!(Z) 2 + 2mci(i) • 3i((%(r)) + ci((^(r)) 2 
and J*(H) = f*(g*(H)), we get 

dig ^ (if m ® <^(r)) ■ ci (r = m 2 dli (ci (l) 2 • ^ (r (I))") . 

by projection formula (Note that g o f(T) C B \ B" ). Thus we obtain the claim. □ 
From the claim, we get 

clg (ci(I) 2 • Ci(r(tf)) d ) = -2^I J _ (0 _ ) ([L^]) 

by projection formula. 
Next we assume that 

dli (ci(I) 2 • Ci(r(F)) d ) = -2^ ( e_)([L K ]) 
Then by projection formula, we have 

cli (ci(L) 2 • ^ (r(I))^ = -2hg^»([L K \). 

Let A be the set of critical values of / and A = Ui=i ^ be the irreducible decomposition of 
A, where Ai, . . . , Aj ± are divisors on B such that g(Ai) are also divisors on B for 1 < i < Ji, 
A/ 1+ i, . . . , Aj 2 are divisors on B such that codiniB(g(Aj)) > 2 for I\ + 1 < i < I 2 , and 
Aj {i > I2) satisfy codim^(Aj) > 2. Then we take Yli\<i<i 2 i<j<j t e ij^ij as m Lemma ^]6| 
(which is applied to / : X — > B). If we look back closely the proof of the first assertion of 
the theorem, we find that the equality holds if and only if (a) en = ■ ■ ■ = e^ i for 1 < % < l\ 
and (b) L is flat along fibers (Note that the reason we need to consider I\ and I2 is that 
deg 9 ,^)(Aj) = for I x + 1 < i < h)- Moreover the condition (a) is equivalent to the 
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existence of a big open set B" of B such that deg(L|c) = for any fibral curves C lying over 
B" . This proves the second assertion. □ 
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